Consider a system of multiple mobile robots in which each robot, at in nitely many unpredictable time instants, observes the positions of robots and moves to a new position determined by the given algorithm. The robots are anonymous in the sense that they all execute the same algorithm and they cannot be distinguished by their appearances. The robots are not necessarily synchronous, and initially they do not have a common x-y coordinate system. In this paper we discuss the agreement problem on a common x-y coordinate system and the formation problem of geometric patterns (e.g., a point, a circle and a line segment) by the robots. The latter is an extension of the former.
Introduction
The amount of knowledge shared by a group of robots determines the quality of cooperation that they can achieve. For example, a set of tra c rules is indispensable for smooth and safe tra c of robots, and a set of arbitration rules is necessary for resolving con icts for a resource among robots. One of the most important common knowledge for the robots is a common coordinate system, since it can greatly reduce the complexity of motion coordination. In this paper we discuss the problem of agreement on a common x-y coordinate system by the robots. A robot is modeled by a mobile processor with a sensor for observing the positions of other robots (but not their velocity or acceleration). We assume that a robot has no communication mechanism, and navigation devices such as compasses and beacons are not available. (See, for instance, Donald, and Whitcomb, et al. 10 for the power of such devices.) For simplicity we assume that a robot is a point, and that two or more robots can occupy the same location simultaneously. This paper also discusses the problem of forming geometrical patterns (e.g., a point, a circle and a line segment) motivated by the following observation: If the robots can form (i.e., gather at) a point, then they can agree on the origin of a common x-y coordinate system because all robots know where that point is. Conversely, if they have an agreement on a common origin, then they can form a point by moving to that origin. In this sense, these two problems are reducible to each other. A similar correspondence exists between the problem of simultaneous agreement on a common origin and unit distance and the problem of forming a circle, and between the problem of agreement on a common x-y coordinate system and the problem of forming a pattern`>'. The problem of forming a circle of a given diameter was rst discussed by Sugihara and Suzuki. 6 Assuming that the positions of the robots are the only information available, they proposed a simple heuristic distributed algorithm which, according to simulation results, may sometimes lead the robots to a pattern reminiscent of a Reuleaux's triangle rather than a circle. Tanaka   9 later improved their algorithm and demonstrated, using simulation, that his new algorithm generates a good approximation of a circle avoiding convergence to a Reuleaux's triangle. In essence, in his algorithm each robot simply adjusts its position regarding the middle point of the positions of the nearest and furthest robots (from itself) as the center of the circle to which the robots are converging. Figure 1 shows the behavior of 50 robots executing Tanaka's algorithm, starting from an initial distribution generated randomly.
Recently Debest 4 discussed the circle formation problem from a viewpoint of self-stabilizing systems. A system is said to be self-stabilizing if it recovers from any nite number of transient (say sensor or control) errors. (See, for example, Schneider 5 for self-stabilization in distributed computer systems.) Tanaka's algorithm is self-stabilizing for the same reason.
The main emphasis of the previous work mentioned above has been on the development of heuristic algorithms for various problems, and rigorous proofs of the correctness of these algorithms have not been given. In contrast, our goal here is to give a formal discussion on agreement and formation problems for mobile robots in the plane. However, in this paper we will avoid heavy formalism to bring out the key ideas without losing clarity. The interested reader is referred to Suzuki and Yamashita In order to give the reader a clear understanding of the robot system, we rst consider a simplest problem of converging the robots toward a single point. (The process of convergence need not terminate in nite steps.) Note again that since the robots do not have a common x-y coordinate system, we cannot simply use an algorithm such as \move toward the origin (0; 0)." For this problem, we give a simple oblivious algorithm. As we will de ne later, an oblivious algorithm is \memoryless" in that a robot's motion does not depend on the observations it has made in the past.
We also consider a related problem of moving the robots to a single point in nite steps. Such a problem is called a formation problem, in contrast to a convergence problem. We show that this problem can be solved by a non-oblivious algorithm for any n 2, and by an oblivious algorithm for any n 3, but it is not solvable by any oblivious algorithm for the case n = 2, where n is the total number of robots.
Then we discuss the problem of discovering the initial distribution and agreement on a common x-y coordinate system. Here, agreement means that the robots should obtain, in nite steps, a common understanding of the given concept. We show that the robots can agree on both a common origin and unit distance, but that agreement on direction is impossible. This implies that the formation problem is solvable for a point and a circle, but not for a line segment. Furthermore, we give a complete characterization of the class of geometrical patterns formable from a given initial con guration.
The discussions given above are based on an assumption that the robots have unlimited visibility, which may not be the case for real robots. So we also consider the point convergence problem for robots with limited visibility. This paper has been prepared as a summary of a presentation given at the 1996 Dagstuhl Workshop on the authors' on-going research project. For this reason, some of the material also appears in the Proceedings of the Third International Colloquium on Structural Information and Communication Complexity (SIROCCO'96), Siena, Italy.
De nitions and Basic Assumptions
We assume discrete time 0, 1,: : :. We model a robot as a mobile processor with in nite memory and an eye sensor, that repeatedly becomes active at unpredictable time instants. (At other times it is inactive.) Each time a robot becomes active, it observes the positions of all the robots in terms of its own local x-y coordinate system, and moves to a new position determined by the given deterministic algorithm. Nondeterministic algorithms that allow a robot to randomly select its next position from two or more candidates are out of the scope of this paper. The algorithm is oblivious if the new position is determined only from the positions of the robots observed at that time instant. Otherwise, it is non-oblivious, and the new position may depend also on the observations made in the past. To simplify the discussion, in this paper we assume that (1) a robot is a point (and hence two or more robots can occupy the same position simultaneously), (2) the robots have distinct initial positions, a (3) a robot can move over any large distance in a single step, and (4) the time it takes for a robot to move to its new position is negligibly small. These assumptions help us to bring out the fundamental issues of the problem, and still, many of the techniques and results we obtain for this simpli ed case seem to apply to many realistic situations with some modi cations. (All the theorems in this paper remain to hold even if we assume that a robot can move only up to a constant distance in a step.) The robots are synchronous if they always become active simultaneously. Unless otherwise stated, we assume that the robots are not necessarily synchronous.
We denote by Z i = (o i ; d i ; u i ), 1 i n, the local x-y coordinate system of robot r i , where o i , d i and u i denote the position of the origin, direction of the positive x-axis, and size of the unit distance, respectively, under Z i . We assume that initially, the robots do not have a common x-y coordinate system. So for i 6 = j, Z i and Z j may not agree on the location of the origin, the unit distance, or the direction of the positive x-axis. The robots are anonymous in the sense that (1) they do not know their identi ers, (2) they all use the same algorithm for determining the next position, and (3) they cannot be distinguished by their appearances. Since a robot observes other robots only at the moments when it becomes active, the third constraint implies that a robot that observes other robots at two time instants may not be able to tell which robot has moved to which position while it was inactive.
Convergence and Formation Problems for a Point
The problem of converging the robots to a point is called problem C-POINT. The corresponding point formation problem is called F-POINT. Note that in F-POINT, all robots must occupy a single point in nite steps, whereas in C-POINT they only need to converge to a single point. These are perhaps some of the simplest problems one can consider. Nevertheless, the discussions presented in this section can serve as an introduction to the technical results given in the rest of the paper. Note that an algorithm that solves F-POINT also solves C-POINT.
For convenience, we present all algorithms by giving an informal description of the behavior of the robots executing it. It is easy to show that the following oblivious algorithm c-point (2) given next solves C-POINT for the case n = 2.
Algorithm c-point(2) | oblivious
Each time r i becomes active, it moves to the midpoint m of the current positions of itself and the other robot r j . 2 Suppose that we modify c-point (2) , so that each robot moves to the position of the other robot. Then the two robots will continue to swap their positions if they always become active simultaneously. So this modi ed algorithm does not solve C-POINT for n = 2.
Note that if exactly one robot becomes active at every time instant, then the two robots executing c-point(2) will never occupy the same point. Thus oblivious a There is an algorithm for moving the robots to distinct positions starting from any initial distribution, provided that \clones" (robots that are exact copies of each other including the initial position and the activation timing) do not exist. Therefore what we need to assume in essence is the absence of clones. 4 algorithm c-point (2) does not solve F-POINT for n = 2. In fact, we have the following theorem.
Theorem 1 There is no oblivious algorithm for solving F-POINT for the case n = 2.
Outline of Proof Suppose that there is an oblivious algorithm that solves F-POINT for two robots r i and r j . Note that since is oblivious, the moves of the robots depend only on their local x-y coordinate systems Z i , Z j and their current positions.
We rst show that there exist distinct positions p and q of r i and r j , respectively, such that either (1) moves r i from p to q, and r j from q to q, or (2) moves r i from p to p, and r j from q to p. (That is, moves exactly one robot to the position of the other, if both robots become active simultaneously.)
To see this, assume that such positions do not exist. Consider a scenario S in which r i and r j , located at distinct positions p and q, respectively, at time t ? 1, occupy the same position r at time t. Now we show that we can modify this scenario and obtain another scenario in which the robots never occupy the same position simultaneously. There are two cases. Case 1: Both r i and r j are active at time t ? 1 in S.
By assumption, r 6 = p and r 6 = q. So if exactly one robot, say r i , happens to be active at t ? 1, then at time t, r i is located at r and r j at q, where r 6 = q. Case 2: Exactly one robot is active at t ? 1 in S.
Suppose that r i is active at t ? 1 but r j is not. Then r = q. So if both robots happen to be active at t ? 1, then at time t, r i is located at q and r j at some point s, where by assumption, s 6 = q.
Using this argument repeatedly, we can construct an in nite sequence of moves in which the robots never occupy the same position simultaneously. (We can do so in such a way that each robot becomes active in nitely many times, since either of the robots can be chosen to be inactive in Case 1.) So does not solve F-POINT. This is a contradiction.
So consider an initial distribution P 0 = fp; qg in which r i and r j are at p and q, respectively, and moves r i from p to q, and r j from q to q. See Figure 2 (a). (The case in which moves r j to the positions of r i is similar.) Now, by modifying Z i through translation and rotation, we can construct another con guration in which r i observes distribution P 0 the same way as r j does. See Figure 2 (b). Then moves both r i and r j in the same manner in the new con guration, and of course, moves r j in the same manner in both con gurations (namely, from q to q). Therefore in the new con guration, moves r i from p to p, and r j from q to q. Then, since is oblivious, both robots remain in their respective initial positions forever. So does not solve F-POINT. This is a contradiction. 2 On the other hand, F-POINT can be solved for two robots by the following simple non-oblivious algorithm f -point (2) . Algorithm f -point(2) | non-oblivious When r i becomes active for the rst time, it moves to the position of r j . If r j does not become active simultaneously, then they can form a point. On the other hand, if they become active simultaneously, then they know their initial distribution, and thus they can form a point by moving to the midpoint of their initial positions when they become active next. 2 The following theorem clearly holds.
Theorem 2 Algorithm f -point(2) solves problem F-POINT for the case n = 2. 2
Finally, we have the following result on F-POINT and C-POINT for the case n 3.
Theorem 3 There is an oblivious algorithm for solving F-POINT (and thus C-POINT) for the case n 3.
Proof It su ces to give an oblivious algorithm f -point(n) that solves F-POINT.
The idea is the following. Starting from distinct initial positions, we move the robots in such a way that eventually, there will be exactly one position, say p, that two or more robots occupy. Once such a distribution is reached, all robots that are not located at p move toward p in such a way that no two robots will occupy the same position at any location other than p. Then all robots eventually occupy p, solving F-POINT.
Such a distribution can be obtained if each robot, each time it becomes active, determines which of the followingseven cases applies and moves to a new position (or remains stationary) as speci ed. Since a robot's action is based only on the current robot distribution, this strategy can be implemented as an oblivious algorithm. Here, for Cases 1, 2, 3 and 4 (n = 3), p 1 , p 2 and p 3 denote the positions of the three robots. For Cases 5, 6 and 7 (n 4), C t denotes the smallest enclosing circle of the robots at time t. Case 6: If n 4 and there are two or more robots in the interior of C t , then these robots move to the center of C t while all other robots remain stationary (so that the center of C t remains unchanged). Then eventually at least two robots reach the center.
Case 7: If n 4 and there are no robots in the interior of C t , then every robots moves to the center of C t . Then at the next step (time t + 1), either (i) two or more robots occupy the center of C t , or (ii) there is exactly one robot r at the center of C t , and therefore there is a robot that is not on C t+1 (and the problem is reduced to Case 5 or Case 6) since a cycle passing through r and a point on C t intersects with C t at most at two points. 2 
Discovery of the Initial Distribution
In this section we discuss the problem of discovering (and agreeing on) the initial distribution P 0 . We call this problem INITIAL. The non-oblivious algorithm initial given next solves INITIAL.
Algorithm initial
When r i becomes active for the rst time, it chooses two mutually perpendicular lines,`i and`0 i , that pass through its initial position. Then it broadcasts the location of`i as follows: It repeatedly moves along`i in a xed direction, in steps of length a i =2 k+2 in the k-th move (k = 1; 2; : : :) where a i > 0 is the distance between r i and its nearest neighbor when r i becomes active for the rst time, until it observes that the position of each robot has changed at least twice. When this is completed, r i returns straight to its initial position along`i, and then broadcasts the location of 0 i using the same method. 2 Theorem 4 Using Algorithm initial , the robots can discover and agree on the initial distribution P 0 . Thus INITIAL is solvable for any n 2.
Proof Any other robot, say r j , eventually knows`i that r i has chosen, because r j has observed r i occupying two or more distinct positions and thus knows line`i that contains the rst two distinct positions of r i that it has observed. The constraint on the lengths of the moves guarantees that the path of r i during a broadcast never intersects with those of the other robots, and thus r j can \recognize" r i correctly even after a long inactive period. Furthermore, since (1) r i returns straight to its initial position when the broadcast of`i is completed, and (2) r j knows that the moves of r i along the second line`0 i are perpendicular to those for broadcasting`i, r j eventually knows the location of`0 i correctly. Then r j knows the initial position of r i , which is the intersection of`i and`0 i . The above observation applies to all robots, and thus the claim of the theorem follows. 2 
Agreement on a Common x-y Coordinate System
In this section, we discuss the agreement problem for a common x-y coordinate system.
Agreement on the Origin
In this subsection we discuss the problem of agreement on the origin of a common x-y coordinate system. We call this problem ORIGIN.
Theorem 5 ORIGIN is solvable for any n 2. Proof By Theorem 4, the robots can discover and agree on their initial distribution P 0 . So they can compute the centroid of the points in P 0 and agree to use that point as the origin. 2
Agreement on Unit Distance
We call the problem of agreeing on the unit distance UNITDIST. This is an agreement problem for a length, and the goal is to let each robot r i decide on a length L i in terms of its own x-y-coordinate system Z i , so that the lengths L 1 ; L 2 ; : : :; L n chosen by the robots all refer to the same physical length. Theorem 6 UNITDIST is solvable for any n 2. Proof By Theorem 4, the robots can discover and agree on their initial distribution P 0 . So they can discover the minimum distance d > 0 among the points in P 0 and agree to use it as the unit distance. (Recall that we assume that initially the robots occupy distinct positions.) 2 The proofs of Theorems 5 and 6 show that the robots can agree on both a point and a length simultaneously. Thus they can agree on a circle whose center is at the agreed point and whose radius is the agreed length. So we have: Proof We prove the claim for n = 2 and leave the case n 3 to the reader.
Consider two synchronous robots r i and r j such that initially, 1. r i is located at position (0; 0) of Z i and at position (0; 1) of Z j , and 2. r j is located at position (0; 0) of Z j and at position (0; 1) of Z i . Since the situation looks identical to r i and r j , if the robots are synchronous, then they always move in the same (symmetric) manner, and thus when r i chooses a direction, r j chooses the opposite direction. 2 Arguing as in in the proof of Theorem 7 using three robots that initially form an equilateral triangle, we can prove the following theorem:
Theorem 8 The problem of forming a line segment is unsolvable. 2 
Formable Geometric Patterns
In this section, we characterize the class of geometric patterns that the robots can form. The essence of argument is the impossibility of symmetry breaking if the robots happen to be synchronous, which we used to show the impossibility of line segment formation. Since Suzuki and Yamashita 8 includes technical details of the proofs, we omit them and describe important results without proofs. Recall that we assume that initially, all robots occupy distinct positions. What geometric patterns can be formed depends not only on the given initial positions of the robots, but also on their local x-y coordinate systems. For example, suppose that initially, four robots r 1 , r 2 , r 3 and r 4 form a square in counterclockwise order, where r 2 is at position (1; 0) of Z 1 , r 3 is at position (1; 0) of Z 2 , and so on, as is shown in See Figure 3 . Then the robots have the same \view," and since the algorithm they use is deterministic, if the robots happen to be synchronous then they can never break symmetry (and intuitively, they continue to form a square all the time). On the other hand, if the direction of the positive x-axis happens to be the same for all four robots as is shown in Figure 4 , then intuitively every robot has a unique \view," and thus the robots can elect a leader using a suitable total ordering of the \views" (and form any geometric pattern).
Following Yamashita and Kameda, 11;12 the view of robot r i at time t, denoted V i (t), is de ned recursively as a rooted in nite tree as follows. See Figure 5 . The subtree corresponding to r j is the view V j (t) of r j at time t. Note that each vertex of V i (t) corresponds to a robot, but it is not labeled as such. Two views V i (t) and V j (t 0 ) are said to be equivalent, written V i (t) V j (t 0 ), if they are isomorphic to each other including the labels.
V i (0) is thus the view of r i at time 0. Note that since the robots occupy distinct positions at time 0, the edges incident on the root of V i (0) have distinct labels. Since at time 0 the robots have no knowledge of other robots' local coordinate systems, at time 0 robot r i does not know its view V i (0). However, there exists a simple non-oblivious algorithm, called getview in Suzuki and Yamashita, 8 that allows the robots to construct their views at time 0.
Let m be the size of a largest subset of robots having an equivalent view at time 0. If m = 1, then every robot has a unique view, and thus once Algorithm getview is executed, using a suitable total ordering over the views, the robot having the largest view can be chosen as the leader. Then, thus the robots can form any geometric pattern if we let the leader compute the nal positions of all the robots that satisfy and \guide" them to their respective nal positions. So in the following, we consider the case m 2.
We arbitrary x an initial con guration with m 2. Following four technical lemmas, we describe a theorem that characterizes formable patterns.
Lemma 1 The robots can be partitioned into n=m groups of m robots each, such that two robots have an equivalent view i they belong to the same group. 2 Lemma 2 At time 0, the robots in the same group form a regular m-gon, and the regular m-gons formed by all the groups have a common center. 2 Lemma 3 For any (deterministic) algorithm , if the robots are synchronized, then at any time instant t the robots in the same group form a regular m-gon, and the regular m-gons formed by all the groups have a common center. 2 Lemma 4 For any multiset F of points that can be partitioned into n=m regular mgons all having the same center, there exists a deterministic algorithm for forming a pattern similar to F starting from the initial con guration. (The algorithm does not depend on the initial con guration.) 2 Theorem 9 Let m be the size of a largest subset of robots having an equivalent view at time 0. There exists a deterministic algorithm for forming a pattern similar to a multiset F of points i F can be partitioned into n=m regular m-gons all having the same center. 2 
Robots with Limited Visibility
In the preceding sections we assumed that each robot has unlimited visibility (i.e., a robot can always observe all other robots), which may be considered to be unrealistic since the visibility range of a real robot is always limited. In this section, the visibility range of a robot is assumed to be a disk of radius V (with the robot being its center), and we consider the point convergence problem. It turns out that algorithms for robots with limited visibility can be considerably more complex than those for robots with unlimited visibility that solve the same problem. Similarly, proving the correctness of such algorithms for robots with limited visibility can be much more involved compared with the proofs for the case of unlimited visibility. This is mainly due to the fact that, under limited visibility, the behavior of a robot is based only on local information available to that robot, whereas the correctness of the algorithm can only be derived from the global behavior of the entire set of robots. Again, we omit some of the proofs in this section. The missing proofs (for asynchronous robots) can be obtained by extending the discussions for synchronous robots found in Ando, Suzuki and Yamashita. Let R = fr 1 ; : : :r n g be the set of robots. We denote by r i (t) the position of robot r i at time instant t (immediately before the move at t). The multiset P(t) = fr 1 (t); : : :; r n (t)g then denotes the distribution of the robots at t. So P(0) denotes the initial positions of the robots. Given P(t), de ne a graph G t = (R; E t ), called the visibility graph at time t, by (r i ; r j ) 2 E t $ dist(r i (t); r j (t)) V , where dist(p; q) denotes the Euclidean distance between points p and q. That is, there exists an edge between r i and r j in G t if and only if r i and r j are mutually visible at t. See The point convergence problem for robots with limited visibility is the problem of converging the robots in the same connected component of G 0 to a single point, where G 0 is the visibility graph at time 0. Our goal is to design an algorithm for the robots that achieves this, regardless of the initial distribution P(0).
Note that two robots that belong to di erent connected components of G 0 need not move to the same point. In fact, under limited visibility, there is no deterministic algorithm for moving all robots to a single point. To see this, suppose that there are only two robots r 1 and r 2 , such that (1) the local coordinate system of r 1 is obtained from that of r 2 by a translation of distance d, for some d > V , and (2) initially, r 1 and r 2 are at the origin of their respective local coordinate systems. Then initially, neither r 1 nor r 2 sees any other robot, and the situation looks identical to both. So if the robots behave as if they were synchronous and the algorithm they use is deterministic, they move (simultaneously) in the same manner using their respective local coordinate systems. This means, by the assumption on their coordinate systems, that the robots are again distance d apart and the situation looks identical to both. This argument continues, and thus the robots can never converge to a single point.
Algorithm
We present an oblivious algorithm for solving the point convergence problem. (As we show later, the algorithm solves the point formation problem if the robots are synchronous.) Intuitively, the algorithm solves the problem by achieving the following two subgoals at every time instant t: (1) the robots in the same connected component of G t \get closer" in some sense at t+1, and (2) robots that are mutually visible at t remain mutually visible at t + 1.
First of all, at every time instant t, if r i does not see any robot other than itself then r i does not move at t. Otherwise to achieve the rst subgoal, we move r i toward the center c i (t) of the smallest enclosing circle C i (t) of the positions of all the robots that r i can see, over some distance MOV E to be speci ed below. See Figure 7 .
If r i moves at t as mentioned above, then we achieve the second subgoal as follows. Let r j , i 6 = j, be one of the robots that are visible from r i at t. Let m j be the midpoint of r i (t) and r j (t). As is shown in Figure 8 , if the next positions of r i and r j are both inside the disc D j with center m j and radius V=2, then r i and r j can still see each other at t + 1. Formally, given the direction of the move (towards c i (t), as explained above), r i computes the maximum distance`j that it can move in that direction without leaving D j , as follows. If dist(r i (t); r j (t)) = 0, then clearly`j = V=2. Otherwise, let d j = dist(r i (t); r j (t)) be the distance between r i and r j at t, and j = 6 c i (t)r i (t)r j (t) the direction of the move of r i with respect to the ray from r i to r j , where 0 j . Theǹ
Robot r i computes this`j for each r j 2 S i (t), and then nds LIMIT = min rj 2Si(t)?frig f`jg as well as GOAL = dist(r i (t); c i (t)); which is the distance from r i to c i (t) at t. Finally, r i moves over distance MOV E = minfGOAL; LIMITg towards c i (t). By the de nition of LIMIT, r i remains inside the disc D j for every r j 2 S after the move. Since all robots compute their next positions using the same algorithm, any pair of robots that are mutually visible at t remain mutually visible at t + 1. That is:
Lemma 5 For any two robots r i , r j and any time instant t 0, (r i ; r j ) 2 E t ! (r i ; r j ) 2 E t+1 . 2
Correctness
In this subsection, we prove that the algorithm given in Subsection 7.2 solves the point convergence problem. By Lemma 5, for any time instant t 0, the robots 14 in a connected component of G t belong to the same connected component of G t+1 . Also, since there are only a nite number of robots, the number of times that di erent connected components merge is nite. Thus in the following, let t 0 be the smallest time instant such that no two connected components merge after t 0 . Fix a connected component (S; A) of G t0 , and for each t t 0 , let CH(t) be the convex hull of the positions of the robots in S at t, that is, CH(t) is the convex hull of the set of points fr j (t)jr j 2 Sg.
Lemma 6 states that the diameter of CH(t) never increases.
Lemma 6 For any t t 0 , CH(t + 1) CH(t). Proof Fix a robot r i 2 S. By the de nition of C i (t), the center c i (t) of C i (t) is in the convex hull of the positions S i (t) of the robots visible from r i at t. Since the current position r i (t) of r i is also in the same convex hull, so is the next position r i (t + 1) of r i . But this convex hull is contained in CH(t), since S i (t) S. So r i (t + 1) 2 CH(t). Since this is true for any robot in S, CH(t + 1) CH(t) holds.
2 Therefore, what remains to be proved is that the diameter of CH(t) converges to 0. (Note that Lemma 6 alone does not guarantee this.) Now, by Lemma 6, we know at least that the series fCH(t) : t = t 0 ; t 0 + 1; : : :g converges. So suppose that it converges to CH, where CH must clearly be a convex polygon, including, as special cases, a point and a line segment. And we can show that CH is indeed a single point (the proof of the next lemma is lengthy, and is omitted):
Lemma 7 CH is a point. 2
By the lemmas given above, we obtain the following theorem.
Theorem 10 The algorithm solves the single point convergence problem correctly.
2
Let us consider the case when the robots are synchronous. In this subsection we discuss agreement on a common x-y coordinate system and the problem of discovering the initial distribution for synchronous robots. As we mentioned, however, under limited visibility some robots may never belong to the same connected component of G t for any t during the execution of the given algorithm. So we cannot expect all robots to agree on the given concept. Thus in the following, we only require the robots that belong to the same connected component of G 0 to reach an agreement. (Of course, additional robots that happen to be merged into a new connected component may also be able to agree.) Theorem 12 The agreement problem on the origin and unit distance is solvable for synchronous robots under limited visibility. 2 15
Agreement on the origin follows from Theorem 11. The robots in the same connected component can use as unit distance the radius of the smallest enclosing circle of their positions one step before they all move to a single point (see Lemma 8) .
Theorem 13 given next can be proved by showing that, once the robots agree on the origin and unit distance of a common x-y coordinate system, they can \broad-cast" their respective initial positions by a sequence of motions. For instance, the robots can rst move to the origin, and then simultaneously move toward their respective initial positions over some distances not greater than the unit distance ( V=2) that \encode" the distances to their respective initial positions in terms of the unit distance. At the next time instant the robots can observe their positions and gure out the initial positions of others.
Theorem 13 The agreement problem on the initial distribution is solvable for synchronous robots under limited visibility. 2 
Conclusion
This paper has discussed the agreement problem on a common x-y coordinate system by a group of anonymous mobile robots with an eye sensor. We rst assumed that the robots have full visibility, and characterized the class of geometrical patterns that the robots can form, motivated by the observation that (roughly) the problem of agreement on a common x-y coordinate system and the problem of forming patterns are mutually reducible. We then investigated robots with limited visibility, and proposed an oblivious algorithm for solving a point convergence problem.
In this paper we introduced a number of strong assumptions in order to formally prove the correctness of the algorithms, and it is certainly an interesting question to ask how these algorithms perform under more realistic assumptions or when they are implemented on physical robots. We are currently preparing a report in which the performance of the point convergence algorithm for robots with limited visibility presented in Section 7 is investigated using computer simulation, under a more realistic model of the robot system in which a robot is represented as a disk that blocks the view of other robots, that needs to avoid collisions with other robots while moving, and whose sensor and control mechanisms may not be accurate. The simulation results indicate that the algorithm is extremely robust against both sensor and control errors, and thus we expect the algorithm to work quite well when implemented on physical robots. For future directions we are planning an experiment using physical robots to evaluate this and other distributed algorithms in terms of robustness and speed of convergence.
